Abstract. We study the algebraic entropy of continuous endomorphisms of compactly covered, locally compact, topologically quasihamiltonian groups. We provide a Limit-free formula which helps us to simplify the computations of this entropy. Moreover, several Addition Theorems are given. In particular, we prove that the Addition Theorem holds for endomorphisms of quasihamiltonian torsion FC-groups (e.g., Hamiltonian groups).
Introduction
The algebraic entropy was first considered in [1] for endomorphisms of (discrete) abelian groups. Studying this concept in the torsion case, Weiss [25] connected the algebraic entropy to the topological entropy (and also to the measure entropy) using a Bridge Theorem. For a recent fundamental paper on the algebraic entropy for endomorphisms of torsion abelian groups we refer the reader to [8] .
A different definition of the algebraic entropy was given by Peters [19] . His definition was restricted to automorphisms of discrete abelian groups. Note that these two definitions coincide on automorphisms of torsion abelian groups. Throughout the years there have been several extensions to Peters' entropy (see [7, 20, 24] ).
Following Virili [24] (see also [4] ) we give now the general definition for the algebraic entropy on (not necessarily abelian) locally compact groups. Let G be a locally compact group and µ be a right Haar measure on G. For φ ∈ End(G), a subset U ⊆ G, and n ∈ N + , the n-th φ-trajectory of U is
When U ∈ C(G) = {compact neighborhoods of e G }, the subset T n (φ, U ) is also compact, so it has finite measure.
The algebraic entropy of φ with respect to U is (1.1) H alg (φ, U ) = lim sup n→∞ log µ(T n (φ, U )) n ,
and it does not depend on the choice of the Haar measure µ on G. The algebraic entropy of φ is (1.2) h alg (φ) = sup{H alg (φ, U ) : U ∈ C(G)}.
Note that h alg vanishes on compact groups. In [9] , Giordano Bruno and the last two authors studied the algebraic entropy on strongly compactly covered groups. Recall that a topological group G is compactly covered if every element of G is contained in a compact subgroup. In case every element of G is contained in a compact open normal subgroup of G then G is strongly compactly covered. The discrete strongly compactly covered groups are FC-groups. An FC-group is a group in which every element has finitely many conjugates. It is known that a torsion group is an FC-group if and only if each of its finite subsets is contained in a finite normal subgroup (see [21, 14.5.8] ); for this reason the torsion FC-groups are also called locally finite and normal. In particular, torsion FC-groups are locally finite.
In this paper, we study the algebraic entropy on compactly covered locally compact topologically quasihamiltonian groups (see Definition 2.11). A discrete topologically quasihamiltonian group is quasihamiltonian (see Definition 2.3). In Section 2, we study the topologically quasihamiltonian groups. In particular, we show (even in the discrete case) in Example 2.9 that a compactly covered locally compact topologically quasihamiltonian group is not necessarily strongly compactly covered. In fact, we prove in Proposition 2.8 that a quasihamiltonian p-group is an FC-group if and only if it has finite commutator.
In Corollary 3.2, we generalize a measure-free formula given in [4, 9] . Using also Proposition 2.18 we obtain in Equation (3. 3) a simplified formula for the algebraic entropy of an endomorphism of a compactly covered locally compact topologically quasihamiltonian group.
In Section 4 we study the basic properties of the algebraic entropy for continuous endomorphisms of compactly covered locally compact topologically quasihamiltonian groups: Invariance under conjugation, Logarithmic Law and Monotonicity for closed subgroups and Hausdorff quotients.
Moreover, under this setting the algebraic entropy of the identity automorphism is zero. Note that in general the algebraic entropy of the identity automorphism need not vanish. In fact, the identity automorphism of a finitely generated group of exponential growth has infinite algebraic entropy (see [4, 10] ). We also find the precise relation between h alg (φ) and h alg (φ −1 ) by using the modulus of φ (see Proposition 4.6) . Inspired by [3, 12, 26] , we extend in Proposition 4.9 the Limit-free Formula given in [9, Proposition 5.3] .
Let G be a locally compact group, φ ∈ End(G) and H a closed normal φ-invariant (i.e., satisfying φ(H) ≤ H) subgroup of G. We say that the Addition Theorem holds for the algebraic entropy if (1.3) h alg (φ) = h alg (φ) + h alg (φ ↾ H ),
where φ ↾ H is the restriction of φ to H andφ : G/H → G/H is the induced map on the quotient group. The Addition Theorem was proved in [8, Theorem 3.1] for the class of discrete torsion abelian groups, and was later generalized to the class of discrete abelian groups in [7, Theorem 1.1] .
On the other hand, it is known [10] that the Addition Theorem does not hold in general for the algebraic entropy even for discrete solvable groups (while its validity for nilpotent groups is an open problem). This comes from the strict connection of the algebraic entropy with the group growth from Geometric Group Theory (see [4, 5, 11] ).
We consider the following general problem. Note that it is not even known whether the Addition Theorem holds in general for locally compact abelian groups (see [4, 6] ). Problem 1.1. For which locally compact groups does the Addition Theorem hold?
In Section 5 we prove several Addition Theorems. Our main result Theorem 5.4, that should be compared with [9, Theorem 7.1], shows that the Addition Theorem holds for a compactly covered locally compact topologically quasihamiltonian group G in case H is a closed normal φ-stable (i.e., φ(H) = H) subgroup of G with ker φ ≤ H. In particular, we find that the Addition Theorem holds for topological automorphisms of strongly compactly covered groups (see Corollary 5.5).
In the discrete case this means that the Addition Theorem holds for automorphisms of torsion quasihamiltonian groups. Furthermore, the Addition Theorem holds even for continuous endomorphisms in case the torsion quasihamiltonian groups are also FC-groups (see Theorem 5.9).
Another consequence of our Addition Theorem (see Corollary 5.6) is that, to compute the algebraic entropy of a topological automorphism φ of a compactly covered locally compact topologically quasihamiltonian group G, one can assume G to be totally disconnected. Section 6 collects some open questions and concluding remarks.
1.1. Notation. We denote by N the set of natural numbers, and by N + and P its subsets of positive natural numbers and prime numbers, respectively.
Let G be a group with identity e G . For a non-empty subset A of G, we denote by A the subgroup generated by A. If x ∈ G and x is finite, then x is a torsion element of G, and o(x) = | x | is the order of x. For n ∈ N + , let G[n] = {g ∈ G : g n = e G } and t(G) = n∈N+ G[n] be the torsion part of G. In particular, G is torsion if t(G) = G. The group G is called bounded of exponent n, if the least common multiple of the orders of all elements of G is n. For p ∈ P, the set G p = {x ∈ G : ∃n ∈ N o(x) = p n } is the p-component of G. We denote by G ′ the derived subgroup of G, namely the subgroup of G generated by all commutators [a, b] = aba −1 b −1 . As usual Z(G) denotes the center of G. In this paper, we always consider Hausdorff topological groups. For a topological group G, we denote by End(G) the set of all continuous group endomorphisms of G and by c(G) the connected component of G.
The set of all compact subsets of G is denoted by K(G), while C(G), B(G) and N (G) are the subfamilies of K(G) of all compact neighborhoods of e G , all compact open subgroups and all compact open normal subgroups of G, respectively. Clearly, N (G) ⊆ B(G) ⊆ C(G) ⊆ K(G).
Topologically Quasihamiltonian groups
In this section we study the topologically quasihamiltonian groups. In the discrete case these groups are simply the quasihamiltonian groups (see Definition 2.3) that we study in §2.1, then we dedicate §2.2 to the general (non-necessarily discrete) case.
2.1. Quasihamiltonian groups. We start by recalling the following definition. Definition 2.1. A non-abelian group G is called Hamiltonian if every subgroup of G is normal.
The following characterization theorem is due to Dedekind and Baer (see [21, 5.3.7] ).
Fact 2.2. A group G is Hamiltonian if and only if
where Q 8 is the quaternion group of order 8, B is a Boolean group and D is a torsion abelian group with all its elements of odd order. In other words, G ∼ = Q 8 × T , where T is an arbitrary torsion abelian group such that
The next definition generalizes Definition 2.1. Definition 2.3. A group G is called quasihamiltonian if for every pair of subgroups X, Y of G one has XY = Y X (equivalently, XY is a subgroup of G).
Remark 2.4.
(1) A group G is quasihamiltonian if it satisfies the above definition for every pair of cyclic subgroups X and Y . (2) If G is a quasihamiltonian group and X 1 , X 2 , . . . , X n are subgroups of G with n ≥ 2, then for every permutation π ∈ S n we have
(3) A torsion quasihamiltonian group is locally finite (this property will be generalized in Remark 2.12).
Iwasawa [16] described the structure of quasihamiltonian groups G proving in particular that:
It is easy to see from Fact 2.2 that the Hamiltonian groups are torsion, two-step nilpotent FC-groups. Based on the following fact we characterize in Proposition 2.8 the quasihamiltonian p-groups which are also FC. (1) A is bounded of exponent p n , for n ∈ N + ; (2) G/A is a cyclic group of order p m , for m ∈ N + ; (3) there exists an element t of G and an integer s ∈ N + , such that G = A, t , and tat
From Fact 2.6(1)-(2) it follows that a non-abelian quasihamiltonian p-group G is bounded, and its exponent divides p n+m . Moreover s < n, otherwise for every a ∈ A we have [t, a] = tat (1), and G = A, t would be abelian. So really s < n ≤ s + m.
Using Fact 2.6 we can describe the commutator subgroup of a quasihamiltonian p-group.
Lemma 2.7. Let G be a non-abelian quasihamiltonian p-group. In the notation of Fact 2.6, if G is not Hamiltonian, then
Proof. Since tat
To prove the converse inclusion let g 1 = t r1 a 1 , g 2 = t r2 a 2 be two arbitrary elements of G, where a 1 , a 2 ∈ A and r 1 , r 2 ∈ N. We need to show that the commutator [g 1 ,
As p s divides (1 + p s ) r − 1 for every r ∈ N, we deduce that
for some n 1 , n 2 , n 3 ∈ N. Since A is abelian we finally conclude 
As t has finitely many conjugates, this yields that the set {(u −1 ) p s t : u ∈ A} is finite. Clearly this is equivalent to the finiteness of the subgroup A p s .
The following is an example of a torsion quasihamiltonian group that is not FC.
Example 2.9. Consider the action α :
x a mod 3 n , for some n ≥ 2. Note that this action is well-defined. Indeed, if x ≡ y mod 3 then (1 + 3 n−1 ) x ≡ (1 + 3 n−1 ) y mod 3 n . To see this, assume without loss of generality that x = y + 3k for some k ∈ N. Then (1 + 3 n−1 )
be the 3-group arising from the action α.
By Fact 2.6, G is quasihamiltonian (here p = 3,
A torsion abelian group G is the direct sum of its p-components G p . The following (apparently known) lemma extends this result to torsion quasihamiltonian groups. We prove it here for the sake of the reader.
Proof.
(1) First, we show that G p is a subgroup of G for every prime p. Clearly, if x ∈ G p then x −1 ∈ G p . Taking x, y ∈ G p and using [16, Equation ( 2)], we deduce that the cardinalities of ( x y )/ y and x /( x ∩ y ) are equal, so xy ∈ G p .
Use [16, Equation (2)] again to deduce that every element in
In order to show that every x ∈ G lies in the direct sum, let o(x) = m = p (1) and (2). Note that the topological groups satisfying Definition 2.11(2) with the discrete topology are exactly the quasihamiltonian groups considered in §2.1.
Remark 2.12. Let X and Y be closed subgroups of a topological group G. It is known that if X is compact, then XY is closed in G. So, if G is tqh, then XY is a closed subgroup of G. So, if G is tqh, then XY is a closed subgroup of G. In case also Y is compact then the subgroup XY is compact too. In particular, one can deduce the following.
(1) Every compact subgroup X of a tqh group commutes with any closed subgroup Y . In particular, if
x, y ∈ G are torsion elements, then the cyclic subgroups X and Y they generate commute, so XY is a finite subgroup. This proves that: (a) the torsion part t(G) of G is a locally finite subgroup of G; (b) the union comp(G) of all compact subgroups of G is a (compactly covered) subgroup of G containing the subgroup t(G).
From what we said above, it follows that in a locally compact tqh group G the subgroup comp(G) is also the maximum compactly covered subgroup of G. It is worth noting that Herfort, Hofmann and Russo gave in [14, Theorem 8.4 ] a structure theorem for compactly covered, totally disconnected, locally compact tqh groups.
It is clear from the definition that the class of tqh groups is stable under taking closed subgroups. Indeed, it is stable under taking arbitrary subgroups, as the first item in the following fact, due to Kümmich, shows.
Fact 2.13. [17] (1) The class of tqh groups is stable under taking subgroups and Hausdorff quotients.
(2) Let G be a locally compact tqh group. If G/c(G) is compact, then G is either abelian or totally disconnected.
For a tqh group G, both t(G) and comp(G) are fully invariant subgroups of G, but they may fail to be closed. In case G is also locally compact and totally disconnected, then comp(G) is an open normal subgroup of G. So, the quotient group G/comp(G) is a torsion-free quasihamiltonian group by Fact 2.13 (1) . It follows that G/comp(G) is abelian by Fact 2.5(3).
Fact 2.14. [2, Lemma 2.15] Let G be a connected locally compact group. If G is compactly covered, then it is compact. In particular, if H is a compactly covered locally compact group, then its connected component c(H) is compact.
Corollary 2.15. Let G be a compactly covered locally compact tqh group. Then G is either abelian or totally disconnected.
Proof. Let G be a compactly covered locally compact tqh group and assume in addition that c(G) is non-trivial. We have to prove that G is abelian. To this aim, fix a, b ∈ G and let us see that a and b commute. Since G is compactly covered, the subgroups a and b are compact. As G is tqh, we deduce that a, b = a · b . By Fact 2.14, c(G) is compact so Fact 2.13(1) implies that a, b c(G) is a compact tqh group that is not totally disconnected. Using Fact 2.13(2) we conclude that a, b c(G) is abelian. In particular, a and b commute.
Mukhin [18] proved the following stronger result, which asserts that one can remove the "compactly covered" assumption in Corollary 2.15. Proof. By Fact 2.16, G is either abelian or totally disconnected. In case G is abelian the thesis follows from [9, Corollary 2.1]. Now assume that G is totally disconnected and fix x ∈ G. As G is totally disconnected it has a local base at identity consisting of compact open subgroups. Pick a compact open subgroup U and observe that x is compact since G is compactly covered. It follows that U x is a compact open subgroup of G containing x, as G is a tqh group.
Clearly, a topological abelian group is tqh. In [6, Proposition 2.2], Giordano Bruno and Dikranjan proved that if G is a compactly covered locally compact abelian group, then B(G) is cofinal in C(G). We extend this result as follows.
Proposition 2.18. Let G be a compactly covered locally compact tqh group. Then B(G) is cofinal in K(G). In particular, B(G) is cofinal in C(G).
Proof. Let K be a compact subset of G. By Lemma 2.17, for every k ∈ K there exists A k ∈ B(G) such that k ∈ A k , so K ⊆ k∈K A k . Using the compactness of K we find finitely many
If G is a compactly covered locally compact tqh group, and H is a closed subgroup of G, Fact 2.13(1) yields that we can apply Proposition 2.18 to H, so that B(H) is cofinal in C(H). Similarly, if H is also normal in G, then B(G/H) is cofinal in C(G/H). The following lemma presents smaller cofinal subfamilies of C(H) and C(G/H) in the same setting.
Lemma 2.19. Let G be a compactly covered locally compact tqh group, and let H be a closed subgroup of G. Then:
(1) the family
Proof. By the above discussion, it suffices to prove that B G (H) is cofinal in B(H), and that
Algebraic Entropy
Let G be a group, U ≤ G, and T ⊆ G a disjoint union of right cosets of U . The so-called generalized right index of U in T is the number of those cosets, and we denote it by [T : U ]. Obviously, when also T is a subgroup of G, the generalized right index of U in T coincides with the usual index.
Proposition 3.1. Let G be a locally compact group and φ ∈ End(G).
for every n ∈ N, then T n (φ, U ) ≤ G so in this case the generalized index above is the usual index, and moreover
is a compact subset of G, and it is a disjoint union of right cosets of U . In particular the generalized right index [T n : U ] is finite, and using the properties of µ, we obtain µ(T n ) = [T n : U ]µ(U ), so that log µ(T n ) = log[T n : U ] + log µ(U ). As log µ(U ) does not depend on n, passing to the limit superior for n → ∞ we obtain
(2) For U ∈ B(G) satisfying φ n (U )U = U φ n (U ) for every n ∈ N, one can prove by induction that φ n (U )T n = T n φ n (U ) for every n ∈ N (the interested reader can find a proof of this in [9, Lemma 3.1]). For n ∈ N, we conclude that T n+1 = T n φ n (U ) is a subgroup of G. Since T n is also compact and open, we have T n ∈ B(G). Let t n = [T n : U ]. Then t n divides t n+1 , as U ≤ T n ≤ T n+1 , and let β n = t n+1 /t n = [T n+1 : T n ]. Now we show that the sequence of integers {β n } n≥1 is weakly decreasing. Indeed,
In particular {β n } n≥1 stabilizes, so let n 0 ∈ N, and β ∈ N be such that for every n ≥ n 0 we have β n = β, i.e., t n = β n−n0 t n0 . Then item (1) gives
Note that under the assumptions of Proposition 3.1(2), H alg (φ, U ) = 0 if and only if β = 1 in Equation (3.2). This happens exactly when T n0+1 (φ, U ) = T n0 (φ, U ) for some n 0 big enough (and then the equality T n+1 (φ, U ) = T n (φ, U ) holds for every n ≥ n 0 ). Corollary 3.2. If G is a locally compact group and φ ∈ End(G), then
for every tqn U ∈ B(G). If G is also compactly covered and tqh, then
Proof. Fix U ∈ B(G) that is also tqn and observe that φ n (U )U = U φ n (U ) for every n ∈ N + . By Proposition 3.1(2), we have H alg (φ, U ) = lim n→∞ log[Tn(φ,U):U] n . Now assume that G is also compactly covered and tqh. By Proposition 2.18, B(G) is cofinal in C(G) and h alg (φ) = sup{H alg (φ, U ) : U ∈ B(G)}.
Remark 3.3. Let G be a compactly covered locally compact tqh p-group, and φ ∈ End(G)
if H is also normal, andφ : G/H → G/H denotes the induced map, thenφ ∈ End(G/H), and
3.1. Algebraic entropy on torsion Quasihamiltonian groups. Let G be a locally finite (discrete) group and φ ∈ End(G). It is proved in [4] 
F is a finite subgroup of G}.
Moreover, if T n (φ, F ) is a subgroup of G (e.g., G is torsion quasihamiltonian), then we also have
Lemma 3.5. Let φ : G → G be an endomorphism of a torsion quasihamiltonian group, and let F be a finite
Proof. Note that as G is torsion quasihamiltonian, the assumptions of Proposition 3.1(2) are satisfied. Since h alg (φ) = 0, we have H alg (φ, F ) = 0. So, Equation (3.2) implies that there exists m > 0 such that
The following lemma extends [8, Lemma 1.5], where the torsion abelian case was considered.
Lemma 3.6. Let φ : G → G be an endomorphism of a torsion quasihamiltonian group, H a φ-invariant normal subgroup of G, andφ :
Proof. The definition of entropy easily yields that h alg (φ) ≥ h alg (φ ↾ H ). Then it suffices to show that h alg (φ) ≤ h alg (φ ↾ H ), i.e. that H alg (φ, F ) ≤ h alg (φ ↾ H ) for an arbitrary finite subgroup F of G. Let π : G → G/H be the canonical homomorphism and let F 1 = π(F ). Sinceφ has zero entropy, there exists m > 0 such that the subgroup T m (φ, F 1 ) isφ-invariant by Lemma 3.5. It follows that φ m (F ) ≤ T m (φ, F ) · H. As F is finite and H is locally finite by Remark 2.4(3), there exists a finite subgroup
from which, by induction on k > 0, we get
Moreover, by induction on k it can be proved that
Using Equations (3.5) and (3.6) we obtain
Now let n = m + k for some k ≥ m. Then by Equation (3.7)
so we have log |T n (φ, F )| ≤ log |T m (φ, F )| + log |T k (φ, F 2 )|. Since m is fixed, dividing by n, and letting n → ∞ (so k → ∞ as well), we deduce that
In the following result we prove the Addition Theorem for a torsion quasihamiltonian group G and a subgroup H, in the particular cases when either [G : H] is finite, or H is finite. Lemma 3.7. Let φ : G → G be an endomorphism of a torsion quasihamiltonian group, and H be a φ-invariant normal subgroup of G.
(
(1) This is a consequence of Lemma 3.6 as the endomorphisms of a finite group have zero algebraic entropy.
(2) By [4, Lemma 5.1.6(b)], we have h alg (φ) ≥ h alg (φ). So, it suffices to show that h alg (φ) ≤ h alg (φ). Let |H| = m ∈ N + and fix a finite subgroup F of G and n ∈ N + . Since T n (φ, F )/H ∩ T n (φ, F ) is isomorphic to π(T n (φ, F )) we obtain
Taking the supremum over F , this proves h alg (φ) ≤ h alg (φ).
Basic properties
In this section we give the basic properties of h alg of endomorphisms of compactly covered locally compact tqh groups. We start by showing that the identity map of such groups has zero algebraic entropy. 
Now we prove the Logarithmic Law for the algebraic entropy, with respect to endomorphisms of compactly covered locally compact tqh groups. Proof. Since the assertion is clear when m = 0 (see Lemma 4.1), we may fix m > 0. Let us show first that h alg (φ m ) ≤ m · h alg (φ). Let n ∈ N + and U ∈ B(G). As U and φ n (U ) are compact subgroups in the tqh group G, also T n (φ m , U ) and T mn−m+1 (φ, U ) are subgroups of G by Proposition 3.1 (2) . Moreover, we have
and taking the suprema over U ∈ B(G) we obtain h alg (φ m ) ≤ m · h alg (φ). To prove the converse inequality, let U ∈ B(G), and n ∈ N + . If V = T m (φ, U ), Proposition 3.1(2) yields that V ∈ B(G), as well as
As the above inequality holds for every U ∈ B(G), this proves that h alg (φ m ) ≥ m · h alg (φ), and thus h alg (φ m ) = m · h alg (φ).
The next property immediately follows from the stronger result proved in Proposition 5.1.
Proposition 4.4 (Monotonicity)
. Let G be a compactly covered locally compact tqh group, φ ∈ End(G), H a closed φ-invariant subgroup of G.
4.1. Topologically quasinormal subgroups of locally compact groups. Let G be a compactly covered locally compact tqh group. It was shown in [9, Example 4.7] that if φ ∈ Aut(G) then h alg (φ) and h alg (φ −1 ) may be different.
Next we give the precise relation between h alg (φ) and h alg (φ −1 ), which extends [24, Proposition 2.7 (3)] (see also [9, Proposition 4.9] ).
For a locally compact group G, let Aut(G) denote the group of topological automorphisms of G. If µ is a left Haar measure on G, the modulus is a group homomorphism ∆ G : Aut(G) → R + such that µ(φE) = ∆ G (φ)µ(E) for every φ ∈ Aut(G) and every measurable subset E of G (see [15] ). If G is either compact or discrete, then ∆ G (φ) = 1 for every φ ∈ Aut(G). We also denote ∆ G simply by ∆.
Lemma 4.5. Let G be a locally compact group, φ ∈ Aut(G), and U ∈ B(G) be a tqn subgroup. Then
The above lemma extends [9, Lemma 4.8] in which the case U ∈ N (G) is considered. The same arguments used there apply to a tqn U ∈ B(G). Proposition 4.6. Let G be a locally compact group, φ ∈ Aut(G), and U ∈ B(G) be a tqn subgroup. Then
In particular, if G is a compactly covered locally compact tqh group, then
Proof. Since U is a compact open tqn subgroup of G, both T n (φ, U ) and
Moreover, H alg (φ, U ) = log β and H alg (φ −1 , U ) = log β * , where β and β * are respectively the values at which the sequences
stabilize (see Equation (3.2)). Let n ∈ N + . Since G is tqh, we have that
is a compact subgroup of G. Since φ n−1 is an automorphism, Lemma 4.5(2) gives
.
Therefore, since ∆ is a homomorphism, for every sufficiently large n ∈ N + ,
Then, log β = log β * + log ∆(φ), that is, the first assertion of the proposition. The second part of the statement follows from the first one, taking the supremum for U ∈ B(G) in view of Equation (3.3) .
In what follows we obtain the so-called Limit-free Formula for the algebraic entropy. We start introducing the following useful subgroups. Definition 4.7. Let G be a locally compact group, φ ∈ End(G) and U be a compact open tqn subgroup of G. Define:
(1)
Since U is a compact open tqn subgroup of G, one can prove by induction that Lemma 4.8. Let G be a locally compact group, φ ∈ End(G) and U be a compact open tqn subgroup of G. Then:
Replacing U ∈ N (G) in [9, Proposition 5.3] with U ∈ B(G) that is also tqn we obtain the following proposition. One can refer to the proof there.
Proposition 4.9 (Limit-free Formula). Let G be a locally compact group. If φ ∈ End(G) and U is a compact open tqn subgroup of G, then
The next proposition is a consequence of the above Limit-free Formula, and will be used in the proof of the Addition Theorem 5.4. Proposition 4.10. Let G be a compactly covered locally compact tqh group, and φ ∈ End(G). Then
Proof. Using Proposition 4.9 we obtain
Taking also into account that φ −1 A ≤ A we obtain
which proves Equation (4.1). We now show that [U
Addition Theorems
In this section, we adopt the notation AT(G, H, φ) for a group G, φ ∈ End(G) and a closed normal φ-invariant subgroup H of G, to indicate briefly that "h alg (φ) = h alg (φ ↾ H ) + h alg (φ) holds for the triple (G, H, φ)", wherē φ : G/H → G/H is the induced map.
We begin this section proving one inequality of AT(G, H, φ) in the class of compactly covered locally compact tqh groups.
Proposition 5.1. Let G be a compactly covered locally compact tqh group, φ ∈ End(G), H a closed normal φ-invariant subgroup of G, andφ : G/H → G/H the induced map. Then
Proof. For U ∈ B(G) and n ∈ N, let T n = T n (φ, U ) and note that T n is a subgroup of G as the latter is tqh.
and we study separately the two indices in the right hand side of the above equation. Let a = [T n : T n ∩ (U H)] and consider the following Hasse diagram in the lattices of subgroups of G and of
Now we show that T n H = T n (φ, U H). Indeed, since H is normal in G it follows that T n H ⊆ T n (φ, U H). For the converse containment, first note that H is φ-invariant. So, using also the normality of H we have
Moreover, both T n (φ, U H) and U H contain H = ker π, so considering their images in G/H we have [T n (φ, U H) : 
Since U ∩ H is a compact subgroup of the tqh group G, we deduce that
Finally, from Equation (5.1) and the above discussion it follows that
Applying log, dividing by n, and taking the limit for n → ∞ we conclude that, for every U ∈ B(G),
Let U 1 , U 2 ∈ B(G), and U = U 1 U 2 ∈ B(G). Then πU ≥ πU 1 are elements of B(G/H), and U ∩ H ≥ U 2 ∩ H are in B(H), so that
From Equations (5.2), (5.3) and (5.4), it follows that
Taking the suprema over U 1 , U 2 ∈ B(G), we conclude by applying Corollary 3.4.
Recall that the discrete compactly covered tqh groups are exactly the torsion quasihamiltonian groups.
Proposition 5.2. Let G be a torsion quasihamiltonian group, φ ∈ End(G) andφ : G/G ′ → G/G ′ be the induced map. Consider also φ p = φ ↾ Gp and the induced map φ p :
Proof. We just prove (1) . The proofs of (2) and (3) are similar.
First, we show that h alg (φ) ≤ p∈P h alg (φ p ). Fix a finite subgroup F of G. By Lemma 2.10(1), there exist finitely many primes p 1 , p 2 , . . . , p k such that F = F p1 ⊕ F p2 ⊕ · · · ⊕ F p k , where F pi is a finite subgroup of G pi for every i ∈ {1, 2, · · ·, k}. As G is a tqh group, T n (φ, F ) is a subgroup of G. Moreover, Remark 2.4(2) implies that
Taking log, dividing by n and letting the limit for n → ∞ we deduce that
Applying Equation (3.4) we conclude that h alg (φ) ≤ p∈P h alg (φ p ). Now we prove that h alg (φ) ≥ p∈P h alg (φ p ). If there exists some prime p such that h alg (φ p ) = ∞, then h alg (φ) = ∞ by Proposition 4.4(1). So, one can assume that h alg (φ p ) < ∞ for every prime p.
Suppose that there exists an infinite subset A ⊂ P such that h alg (φ p ) = 0 for every p ∈ A. For every m ∈ N, choose p 0 ∈ A such that log p 0 > m. By Remark 3.3, h alg (φ p0 ) ≥ log p 0 , so h alg (φ p0 ) > m. Using Proposition 4.4(1) again, we get that h alg (φ) ≥ h alg (φ p0 ) > m for every m ∈ N. It follows that h alg (φ) = ∞ ≥ p∈P h alg (φ p ).
Consequently, one can assume that h alg (φ p ) = 0 for p ∈ P \ B, where B is a finite subset of P. So,
Under the additional assumption of G being an FC-group, Proposition 5.2 gives the next corollary.
Corollary 5.3. Let G be a torsion quasihamiltonian FC-group, φ ∈ End(G), and letφ :
Proof. Assume first that G is a p-group. As the derived subgroup G ′ is finite in a quasihamiltonian FC p-group by Proposition 2.8, then h alg (φ ↾ G ′ ) = 0, and h alg (φ) = h alg (φ) by Lemma 3.7 (2) .
For the general case, we let φ p = φ ↾ Gp and φ p :
From the previous step and using Proposition 5.2 we obtain
Using Proposition 4.10, and considering some additional assumptions on the subgroup H of G, we prove the converse inequality proved in Proposition 5.1, thus obtaining AT(G, H, φ) in this case.
Theorem 5.4. Let G be a compactly covered locally compact tqh group, φ ∈ End(G), H a closed normal φ-stable subgroup of G with ker φ ≤ H, andφ : G/H → G/H the induced map. Then AT(G, H, φ) holds.
Proof. In view of Proposition 5.1, it only remains to prove that h alg (φ) ≤ h alg (φ) + h alg (φ ↾ H ).
Let O be an arbitrary open subgroup of G such that φ
Since H is normal in G, we have (5.5) [O :
First observe that since H is φ-stable with ker φ ≤ H, then we also have φ
Then, computing the second index in the right hand side of Equation (5.5) we obtain
Note that H is a compactly covered locally compact tqh group, and having an open normal subgroup
. By Proposition 4.10,
To compute the first index in the right hand side of Equation (5.5), first note that
by the modular law. Then, chasing the diagram
of the subgroups of G and G/H, one can easily verify that
By Fact 2.13(1), G/H is a compactly covered locally compact tqh group. As πO is an open subgroup of G/H, such thatφ −1 (πO) ≤ πO and [πO :φ −1 (πO)] < ∞ by Equation (5.5), Proposition 4.10 applied to G/H and toφ implies that
Summing up Equation (5.6) and Equation (5.7), and using Equation (5.5), we obtain
By the arbitrariness of O and applying Proposition 4.10 to G we conclude that
The next result shows that the Addition Theorem holds for automorphisms of compactly covered locally compact tqh groups (e.g., discrete torsion quasihamiltonian groups). It is an immediate corollary of Theorem 5.4.
Corollary 5.5. If G is a compactly covered locally compact tqh group, φ ∈ Aut(G) and H is a normal φ-stable subgroup of G, then
In fact, when we compute the algebraic entropy of a topological automorphism of a compactly covered locally compact tqh group, we may assume that it is also totally disconnected.
Corollary 5.6. Let G be a compactly covered locally compact tqh group, and φ ∈ End(G) be such that c(G) is φ-stable and contains ker φ. Then h alg (φ) = h alg (φ), whereφ : G/c(G) → G/c(G) is the induced map.
In particular, if φ ∈ Aut(G), then c(G) is φ-stable and h alg (φ) = h alg (φ). 
Hence, G has either polynomial growth or intermediate growth by [4, Proposition 5.3.13(a) ]. Moreover, G has polynomial growth by Milnor-Wolf's Theorem (see [27] ). So, the finitely generated group G is virtually nilpotent by Gromov Theorem (see [13] ).
Proposition 5.8. Let G be a metabelian group, φ ∈ End(G), H a normal φ-invariant subgroup of G, and
Proof. By AT(G, G ′ , φ), we deduce that
where φ : G/G ′ → G/G ′ is the map induced by φ. As G ′ is an abelian group, and G ′ ∩ H is a φ-invariant subgroup of G ′ , we get by the Addition Theorem (see [7 
where
′ is an abelian group, and
Hence, by Equations (5.8), (5.9) and (5.10), we have where ϕ ∈ End((H/H ′ )/((H ∩ G ′ )/H ′ )) is the map induced by φ ↾ H . Therefore, to prove Equation (5.14) it suffices to show that h alg (ϕ) = h alg ( φ ↾ HG ′ /G ′ ), and this equality follows from the Invariance under conjugation property. Recall that quasihamiltonian groups are metabelian by Fact 2.5(2). As the class of quasihamiltonian torsion FC-groups is stable under taking subgroups and Hausdorff quotients, Corollary 5.3 and Proposition 5.8 imply the following Addition Theorem for this class of groups.
Theorem 5.9. Let G be a quasihamiltonian torsion FC-group, φ ∈ End(G), H a normal φ-invariant subgroup of G, andφ : G/H → G/H the induced map. Then h alg (φ) = h alg (φ) + h alg (φ ↾ H ).
As a particular case of the above theorem, we immediately obtain the following result.
Corollary 5.10. Let G be a Hamiltonian group, φ ∈ End(G), H a φ-invariant subgroup of G, andφ : G/H → G/H the induced map. Then AT(G, H, φ) holds.
Open questions and concluding remarks
By Theorem 5.9 we know that the Addition Theorem holds for endomorphisms of torsion quasihamiltonian FC-groups. Can we omit the assumption 'FC' in the hypotheses of Theorem 5.9? In other words: Question 6.1. Does the Addition Theorem hold for every endomorphism of a torsion quasihamiltonian group? By Proposition 5.2, to give a positive answer to Question 6.1, it is sufficient to check that the Addition Theorem holds for quasihamiltonian p-groups. On the other hand, one can try to construct a counter example. Studying the endomorphisms of the group from Example 2.9, which is quasihamiltonian 3-group but not FC, could be a good starting point.
Recall that the discrete strongly compactly covered tqh groups are exactly the quasihamiltonian torsion FC-groups. In view of Theorem 5.9 we ask: Question 6.2. Does the Addition Theorem hold for every endomorphism of a strongly compactly covered tqh group?
A topologically Hamiltonian group is a topological group in which every closed subgroup is normal. Strunkov [22] proved that if G is a locally compact topologically Hamiltonian group, then G ∼ = Q 8 × B × D, where Q 8 is the quaternion group of order 8, B is a locally compact Boolean group and D is a locally compact torsion abelian group with all its elements of odd order. In particular, every locally compact topologically Hamiltonian group is a strongly compactly covered tqh group.
One can study Question 6.2 in the particular case of the locally compact topologically Hamiltonian groups.
Question 6.3. Does the Addition Theorem hold for every endomorphism of a locally compact topologically Hamiltonian group?
Note that a positive answer to Question 6.3 would provide an extension of Corollary 5.10.
